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During the past few decades, a great deal of information has been collected about the nature and
magnitude of the image-forming and image-marring properties of optical and electron optical
systems, the symmetry of which differs either slightly or radically from that of the familiar axially
symmetrical systems. The present memoir opens with a brief survey of this work; in the subsequent
sections, Hamilton’s point characteristic function and Sturrock’s work on perturbation characteristic
functions are used to demonstrate the underlying unity behind all these scattered analyses, and to
derive the properties of the imagery of any type of system.

HISTORICAL INTRODUCTION
Optical work

Sointricateis their algebra, and so little practical application have they, that general optical
systems have received comparatively little attention. It is not surprising that the most
thorough and meticulous investigation was made by an ophthalmologist, Allvar Gullstrand,

1 The present work is a modified version of the first chapter of a Cambridge Doctoral Dissertation,

entitled ‘The aberrations of electron optical systems in the absence of rotational symmetry’ (1963).
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480 P. W. HAWKES

for the eye is the only common example of an inhomogeneous optical medium without
rotational symmetry; it is to him that we owe the classification into fordierte, retordierte and
semitordierte systems, orthogonal systems and Gaussian systems. In a series of monographs
(18g1—first published, in Swedish, in 18go—1900, 1906, 1908, 1915, 1924), he set out in
detail the rigorous theory of the primordial properties and aberrations of each type of optical
system, and these were supplemented in a number of less recondite if no less rigorous
articles in German periodicals (1901, 1905, 1907, 1926). Certain points were subsequently
elaborated by Oseen (1932—3, 1936). Analyses of the primordial properties have been
published by Herzberger (1934, 1936), Carathéodory (1937) and Luneberg (1944); Herz-
berger also discusses general aberration theory in his recent book (1958).

The geometry of orthogonal systems is considerably more tractable, and they find
practical employment in anamorphotic systems; they have consequently received pro-
portionately more attention. The original work on anamorphotic systems is due mainly to
af Schultén (1838) and Abbe (1898) and this is traced in von Rohr (19o04), Czapski &
Eppenstein (1924) and again in Wynne (1954). Gauss’s work of 1838/41 on the primordial
properties of round systems was extended to orthogonal systems by Larmor (1889), Sampson
(1897), Bromwich (1899/1900) and Lord Rayleigh (1908).

In 1927/8, Smith published three papers on ‘asymmetrical’ optical systems; the first
of these contains a classification of optical systems, and a table listing the number of terms
of each order in the expressions for the characteristic function. During the following decade,
Herzberger produced a number of articles dealing with symmetry other than rotational
(1932, 1933, 1934, 1936). More recently, anamorphotic systems have again been discussed,
by Rabinovich (1946), Wynne (1954), Kohler (1956), Keller (1960) and Bruder (1960).
Rabinovich considers how one form of the ‘eikonal’ would be affected by the removal of
rotational symmetry. Wynne calculates expressions for each of the various aberrations of
systems of cylindrical lenses, and discusses each individually ; Kohler discusses the primordial
properties and primary aberrations in a general way, while Bruder continues his work and
obtains expressions applicable to toric lenses as well as cylindrical lenses. Keller discusses
the diffraction theory of these aberrations.

In 1953 and 1954, a general classification of the geometrical aberrations of optical
systems lacking axial symmetry was published by Montel, in which the connexion between
the shape of the wave surface in image space and the ensuing aberrations was discussed.
More recently (1963) Lessing has examined the aberrations of a particular anamorphotic
system.

Electron optics

The properties of round systems, deflexion systems and systems with two planes of
symmetry have received the most attention. In this briefsurvey, neither round systems nor
deflexion systems will be discussed, since very complete and fully documented accounts are
available, in Glaser (1952, 1956) for example.

The first attempt to analyse general systems, with arbitrarily curved axes, was made by
Cotte (1938), who considered principally the paraxial (or ‘ primordial’) properties, although
he did also discuss the aberrations of orthogonal systems; Cotte used exclusively the
trajectory method to obtain his results. In 1941 and 1943, MacColl discussed the nature of
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the (primordial) imagery which would be associated with various types of system: general
systems, orthogonal systems and Gaussian (or round) systems. Meanwhile, Grinberg
(1942, 1943) in Leningrad published the three parts of his ‘General theory of the focusing
action of electrostatic and magnetostatic fields’. In 1942/3, Wendt analysed the primordial
properties of systems with curved axes, and the relevant section of Hutter’s review article
of 1948 follows Wendt closely. Also in 1948, a book of ‘Selected problems in the mathe-
matical theory of electric and magnetic phenomena’ was published by Grinberg, in which
the equations of motion for charged particles in the most general kind of field were set out.
Apart from the introductory matter, chap. V is a reprint of Grinberg’s article of 1943.
Meanwhile, Marschall (1944) had discussed both primordial properties and aberrations in
some detail, in connexion with mass-spectrography.

The next paper, by Strashkevich & Pilat (1951, 1952), dealt with the aberrations of
electron beams in arbitrary electrostatic fields, but in this paper, as in a later one by
Strashkevich & Gluzman (1954), the secondary aberrations are calculated incompletely;
no allowance is made for the fact that when the secondary aberrations are being calculated,
it is not the primordial approximation but the approximation which includes the primary
aberrations that is the best available—in the language of the present paper, only the contri-
bution which arises from m® in equation (2-8) is computed. During 1952, Strashkevich
again discussed electrostatic systems without rotational symmetry, and Sturrock published
the first major study of general systems in which Hamilton’s theory and his own perturba-
tion procedure (1951 b,¢) for calculating aberrations were used to analyse in detail the pri-
mordial properties and defects of these systems.

During the next few years, several Russian authors reconsidered general systems; all
employed the trajectory method set out by Grinberg, and one (Vandakurov 1957) criticized
Sturrock’s use of characteristic functions as cumbersome, while another (Kas’yankov 1956 5)
stated, without foundation, that it led to incorrect results; the latter also claimed to have
found errors in Grinberg’s analysis, and this led to an animated polemic which resulted in
a vindication of Grinberg’s work. The relevant articles are Tsukkerman (1954), Kas’yankov
(19564,b, 1957, 1958 ), Grinberg (1957) and Vandakurov (1957). The year 1959 saw the
publication of two books in which the general theory was recapitulated (Strashkevich 19594;
Kel’'man & Yavor 1959).

Meanwhile, Glaser (1956) had referred briefly to systems with curved axes, and Lenz
(1958) had discussed the conditions for stigmatic imagery.

Among the remaining systems not possessing rotational symmetry, it is convenient to
distinguish three classes—orthogonal systems, cylindrical lenses and systems of lenses in
which the rotational symmetry has been only slightly perturbed. The earliest studiest of
cylindrical lenses were made by Gratsiatos (1940) and Strashkevich (1940), both of whom
considered only the primordial properties; Gratsiatos considered these in detail, for both
the electric and the magnetic case, while Strashkevich was mainly concerned with the field
distribution, in electrostatic systems. In 1942, Leitner devoted his doctoral dissertation to
these lenses, and Baltd Elias & Gémez Garcia (1950) and Gémez Garcia (1951) again
considered them. In the following year, Shtepa (1952) analysed their aberrations and
further work was performed by Strashkevich (1952 a,¢), Strashkevich & Yurchenko (1952),

T Some basic results had already been obtained by Picht (1939).

59-2
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Archard (19544, ), Kel’'man, Kaminskii & Yavor (1954), Baranovskii, Kaminskii & Kel’man
(1955a,b0), Yavor (1955), Kel’'man & Yavor (1955) and Vandakurov (1955, 1956). In 1955
also, Laudet (19554, &) completed a detailed study of cylindrical lenses (also 1953), and
Rheinfurth discussed their spherical and chromatic aberrations; in 1960, Yavor, Shpak &
Minina and Yavor & Silad’i discussed magnetic cylindrical lenses, and Kochanov has
analysed the trajectories in electrostatic lenses (1962, 1963). Formulae for the aberrations
of electrostatic cylindrical lenses have been derived by Strashkevich (1965).

The first study of orthogonal systems is due to Melkich (1944) who derived expressions
for the aberrations of systems with straight axes and with a plane of symmetry. Scherzer
discussed the aperture aberrations of quadrupoles in 1947 and further analyses came from
Pilat, Reznik and Strashkevich (1951) and Strashkevich (1952 and 1954). Between 1949
and 1953, Whitmer (1956) considered electrostatic systems which would be at once stigmatic
and capable of affecting spherical aberration favourably. Burfoot (1953) examined ortho-
gonal systems with a view to obtaining the most compact system possible free of aperture
aberration and later (1954 a, b) discussed the nature of the aberrations of electrostatic quadru-
pole systems. Glaser explored the primordial properties and aperture aberrations of
electrostatic and magnetic quadrupoles in 1955, and Strashkevich has considered various
aspectsof quadrupolesinanumberof papers(e.g.1958,19594, b, 19604, b, 1961 and 1963 ; many
other papers in which quadrupole behaviour is examined have appeared in recent years in
the Russian Journal of Technical Physics and Radioengineering and Electronics).t The primordial
properties of orthogonal systems have been thoroughly investigated theoretically by Dusek
(1959), and by Dhuicq (1961), and good surveys containing full accounts of French work
have been prepared by Grivet & Septier (1960), Septier (1961) and Septier & van Acker
(1961). Meyer (1961) discussed resolution in a system corrected for spherical aberration by
means of quadrupoles and octopoles. The papers by Yavor (1962), Dymnikov, Fishkova
& Yavor (1963, 1964 4, b, 1965), Dymnikov, Ovsyannikova & Yavor (1963) and Dymnikov &
Yavor (1963), on sets of quadrupoles and the possibility of designing such a set to possess
the image-forming properties of a round lens, complement Dhuicq’s work.

Finally, the effects of small perturbations of the symmetry of an otherwise rotationally
symmetrical system have been examined by Glaser (1942/3), by Bertein (1947, 1948) who
considered electrostatic lenses and Sturrock (1949, 1951 @) who considered magnetic lenses,
by Rabin, Strashkevich & Khin (1951), and by Regenstreif (1951). Glaser & Schiske (1953)
and Archard (1953) again considered magnetic lenses, and later, Amboss (1959) examined
them very thoroughly with the aid of Sturrock’s fundamental analysis. Lenz devoted
a section of his Habilitationsschrift (1957) to the effect of small perturbations. In addition,
several Notes dealing with this topic appeared in the Comples Rendus of the French Academy
of Sciences between 1947 and 1951, by Bruck, Bertein, Castaing, Cotte, Grivet, Regenstreif,
Remillon and Romani (cf. Der-Shvarts & Kulikov 1962; Vlasov & Shakhmatova 1962);
likewise, many papers on the subject have been published in the Japanese Journal of Electron-
macroscopy and the Bulletin of the Electrotechnical Laboratory during the past decade, principally
under the signatures of Kanaya and Kawakatsu. The numerous articles dealing with the
principle of the stigmator are, of course, also germane.

T The aberrations of sets of magnetic quadrupoles have been very fully studied by Meads (1963).
Mechanical as well as geometrical aberrations are considered.
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GENERAL ELECTRON OPTICAL SYSTEMS. 1 483

Only the principal contributors have been mentioned in this survey, and there exists a
considerable body of largely practical work which has not been included. Seeliger (1948/9,
1949, 1951, 1953 ; also Mollenstedt 1954, 1956) built an elaborate system which corresponded
closely to the design proposed by Scherzer in 1947. Reisman considered pairs of crossed
magnetic quadrupoles, principally as possible projective lenses, and attempted to correct
the distortions or aperture aberrations by means of magnetic slugs (cf. Septier 1956, 1957).
His measuring techniques were not, however, sufficiently sensitive to give any exact
information about the correction achieved (Siegel & Reisman 1954; Reisman 1957;
Reisman & Siegel 1957). Septier’s attempts to correct, in particular, a line focus of an
astigmatic system are chronicled in the review articles already cited. Very recently, Deltrap
(1964 a, b) has succeeded in building a system consisting of four eight-pole elements, each of
which produced both quadrupole and octopole effects, and which completely annulled the
primary spherical aberration of a round lens.}

1. PERMISSIBLE ABERRATIONS

The image-forming properties of any optical or electron optical system can be classified
according to the symmetry of the sytem. Such a classification is closely akin to the one
proposed by Sturrock (1951 4), and we shall see in due course which of Sturrock’s categories
corresponds to each of our classes which are grouped according to the symmetry of their
members.

Ficure 1

To define what we mean by symmetry, and to show how such a classification naturally
arises, we consider the points at which an arbitrary ray intersects three planes (or surfaces)
normal to the axis of an arbitrary system of electron optical (or optical) elements (figure 1).
We shall refer to these planes as the object plane (characterized by the suffix o), the aperture
plane (suffix ¢) and the current or image plane (suffix ¢ or ¢); it is usually convenient to
regard the aperture plane as the exit pupil of the optical system.

With the axis of the system as z axis, we set up a system of Cartesian co-ordinates in each
plane, (x,,7,), (¥, 9,) and (x,7,). The complex numbers x,+1iy,, x,+1y, and x,-+1iy, are

1 Electrostatic quadrupoles have also been studied by Orr (1961, 1963). A very detailed account of the

various attempts to correct spherical aberration has been prepared by Septier (1965/6).
I Sturrock’s categories (19516, appendix 3) are indicated thus: P.A.S. class —.
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484 P. W. HAWKES

denoted by «,, 4, and u,, respectively. The position of a ray in the plane z = z, can be
expressed as a function of its points of intersection with the planes z = z, and z = z,:

uc :f(um —doﬁ ua? ﬁa) *

Since we are interested in rays which remain in the vicinity of the axis, we can expand u,

as a power series in «,, %, %, and %,. In the most general case, we write

u, = 2 (afyd)ugufuyug (1-1)

a,B,y,6=0

in which the complex coefficient (afyd) is a function of z.

We shall say that a system is N-fold symmetrical if, on replacing u, by u,e*/¥ and «, by
u, €2y _is converted into 2"V, In an N-fold symmetrical system, the indices «, §, y and &
can therefore take only those (positive or zero) values for which the condition

a—pf+y—8=1+kN

is satisfied ; £ is a positive or negative integer, or zero. For rotationally symmetrical systems,
only the values which satisfy o fty—8—1

are acceptable. Table 1 displays the permissible values of a, 4, y, § for values of N between
1 and 6; a similar table has been published in Hawkes & Cosslett (1962).

The condition which restricts the values of «, £, y and § contains only the combinations
(a-+7) and (f+9), and this suggests a simpler method of obtaining the permissible members
in the expansion for z,. We need consider only one of two particular pencils of rays, either
the pencil through the axial object point (0, 0, z,) or the pencil through the axial aperture
point (0, 0, z,). The point u, can now be written

u= 3 (Emugug or wu = 3 (&n)uzuy

and hence E—n=1+kN

We now have only to replace «, or u, by «,+u, for the condition & —f+y—d = 1-+kN to
be automatically satisfied, since the binomial theorem ensures thata+y = £ and f+8 = 7.
In optical terms, we have considered first two particular pencils, of which one could be
affected only by distortions, and could not produce an indistinct image, while the other
could be perturbed only by wholly aperture-dependent aberrations. To obtain the
remaining aberrations we replaced these pencils by off-axial pencils, passing through
neither the object nor the aperture origin.

As an example of this, we might consider the secondary aberrations of N = 2 systems,
which are fifth order. From table 1, we see that there are fifty-six of these. The condition
that{ —» = 142k subject to {45 = 5 allows { and 5 to take the values (50), (41), (32), (23),
(14) and (05). Of these, (£7) = (50) generates six aberrations and () = (14) generates
ten aberrations; these together are characteristic of N = 4. The term (£y) = (32) generates
the twelve aberrations characteristic of rotationally symmetrical systems. The six aberra-
tions characteristic of N = 6 (which also afflict N = 3 systems, therefore) are generated by
(§n) = (05). Finally, (§9) = (41) and (&7) = (23) generate the twenty-two aberrations
peculiar to N = 2 systems.

The full results are set out in table 2.
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TaBLE 1. THE VALUES OF a, f/, y AND § FOR N = 1TO N = 6
AND ROTATIONAL SYMMETRY
Each row contains terms for which ¢+ +7y+4¢ is the same (roman numeral) and each column, all the
terms with some particular value of y—¢ (arabic numeral). The column headed ‘D’ contains distortions,

for whichy = ¢ = 0.
Rotational symmetry: (a+7y)—(f+6) =1

D -2 -1 0 1 2 3
I 1000 . . 0010 .
II1 2100 2001 1011 0021 0120
. . . . 1110 . .
\'% 3200 3002 3101 2111 0032 1220 0230
. . 2012 1022 2210 1031 .
. 1121 .

In all the subsequent lists, the rotationally symmetrical terms just tabulated all recur; they are therefore
not repeated in every list.

JA \
%

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

N=6. (e+y)—(f+6) =-5,1
D —b —4 -3 -2 —1
\Y% 0500 0005 0104 0203 0302 0401
D —4 -3 -2 -1
IV 0400 0004 0103 0202 0301
N =4 (a+y)—(f+6) =-3,1,5
D —4 -3 -2 -1
111 0300 0003 0102 0201
\Y% 1400 1004 1103 1202 1301
5000 0014 0113 0212
0 5 4 3 2 1
Vv 0311 0050 1040 2030 3020 0410
. . . . 4010
N=3. (a+7)—-(f+9d) =-5, -2,1,4
D —b —4 -3 -2 —1
11 0200 . 0002 0101
1A% 1300 1003 1102 1201
4000 . . . 0013 0112
\Y% 0500 0005 0104 0203 0302 0401
0 4 3 2 1
1A% 0211 0040 1030 2020 0310
. . . . 3010
N=2 (x4y)—(f+0) =+1, +£3, +5
-5 —4 -3 -2 -1 0 5 4 3 2 1
I 0100 . . 0001 . . . .
IIT 3000 0003 1002 0012 IIT 0111 0030 1020 0210
0300 . 0102 0201 . . . 2010
1200 . . . . 1101
\% 5000 0005 1004 2003 2102 2201 A% 1211 0050 1040 1130 0320 1310
4100 0104 0203 1202 1301 0311 0140 0041 3020 3110
2300 . 1103 1013 4001 3011 . 2030 2120 0221
1400 0014 0113 1112 0122 . 1031 2021
0500 . 0302 0401 . . 4010
. . 0023 0410

0212
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0003

1003

5000 0005 0104 2003
4100 . 1004 0203

1103
0014
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TABLE 1 (cont.)

(+1 is included in this list)

-2

0002

0102
1002

2002
0202
1102
0013

3002
2102
1202
0302
1013
0113

~1
0001

0101
1001

2001
0201
1101
0012

3001
2101
1201
0301
1012
0112

4001
3101
2201
1301
0401
2012
0212
1112
0023

11

III

v

0

0011

1011
0111

2011
1111
0211
0022

3011
2111
1211
0311
1022
0122

. (@+y)=(f+0) =0, £1, £2, £3, +4, £5

5 4
0040
0050 1040

0140

0030

1030
0130

2030
1130
0230
0041

0020

1020
0120

2020
1120
0220
0031

3020
2120
1220
0320
1031
0131

TABLE 2. THE VALUES OF (£/) CORRESPONDING TO EACH TYPE OF SYMMETRY

0010

1010
0110

2010
0210
1110
0021

3010
2110
1210
0310
1021
0121

4010
3110
2210
1310
0410
2021
1121
0221
0032

The bracketed symbols indicate the symmetry class of which the corresponding aberrations are typical.
E+y =15
50 (4)
41 (2)
32 (R)
23 (2)

A \\
b ¢

\
\

-
A\
A \

Vs
¥

A
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N=1
N =2
N=3
N=4
N =25
N =26
rotational

symmetry

E+y =1

10 (R)
01 (2)

Q)(R)
01

10 (R)
10 (R)
16(R)

10 (R)
10

£+ =2

20
11
02 (3)

02

E+n =3

21

£+ =4

40 (3)
31
22
13 (3)
04 (5)

40

04

32 (R)
05 (6)

50

32 (R)

i4

32 (R)

05
32
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A particularly simple way of discussing the effects of each aberration term, («fyd) u2 uf u al,
or group of aberration terms has been explored in detail by Chako (1953,1957), who em-
ployed only Cartesian co-ordinates and considered only rotationally symmetrical systems.
Amboss (1959) used the same method with complex co-ordinates to examine slightly
imperfect systems. If we wish to interpret geometrically an expression of the form

u; = L(affyl) ugwjuy u;

we can obtain a curve which is typical of each type of aberration on a general plane in
image space by considering a pencil of rays which emerges from an object point #, = constant
and is restricted by an annular stop in the aperture plane |u,| = constant = r,. These are
the curves which Chako calls ‘characteristic curves’. We can then write

u, = Zr 0y |apyd) expilapyd+ (a—p) 6, + (y—2) 0]
in which (afyd) = |afyd| ei@h78, For each term, therefore, we have
(ABT'A) = |afyd| ra+Fry+s

— i(y-)0a s
wo= (ABLA) ™80 o, L #+—h)0,

y—20

Ify == § = 0, we can consider the pencil which passes through a fixed point in the aperture
plane and intersects the object plane in an annulus, |4,| =7, = constant. In general, of
course, there is no reason why we should choose one pencil rather than the other, except in
the special cases y =d == 0 and ¢ = f = 0.

If we do consider the ‘object pencil’ (r, = constant, u, = constant) rather than the
‘aperture pencil’ (r, = constant, u, = constant), the characteristic curves all have the
familiar shapes, but are no longer associated with the same aberrations. If, for example,
we anticipate § 3, and consider the particular third-order aberrations (¢+£+y-+48 = 3) of
some system which contain 72, we shall find terms of the form

7= 72—
(0‘3 1—a, }';2'7) Us Uy “u%ua L4

and the group of such terms constitutes the class of coma (and anticoma) aberrations. In

round systems, there are two such terms,
(1011) u,u,7@,+ (0120) &, u

o~aa

and using the aperture pencil, we find

~
7,2[(1011) ei%+[0120] €%i®] with @, = 0,+$(0120—0,)

which represents the familiar coma comet (even neglecting the relation between (1011)
and (0120)).
Using the object pencil, however, we find

ror2e 1?[|1011] ei®4-|0120]| e~i®]
in which ¢ = —0,—1(1011+0120),
@, = 0,—0,+1(1011—0120)

60 Vor. 257. A.
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488 P. W. HAWKES
and this represents an ellipse, semi-axes
r,72(]1011] 4 ]0120])

tilted at an angle ¢. (If we take the relation between the coefficients into account, we find
¢ = —0, and the major axis is three times the length of the minor axis.) Similarly, if we use
the object pencil to consider the astigmatism and field curvature which would produce
such an ellipse when the aperture pencil was considered, we obtain a coma flare; the
geometry of the flare is no longer fixed, however, as the relations between the coefficients
no longer appear.

In conclusion, therefore, we can say that either pencil may be used, except in the extreme
cases of distortions and aperture aberrations, and that no new effects can occur, since
(aftyd) utuwburud in one case will correspond to (ydaf) uyudu2uf in the other.

2. THE POINT CHARACTERISTIC FUNCTION AND THE RELATIONS BETWEEN
THE COEFFICIENTS (afyd)

2:1. General remarks

Not all the coeflicients (afyd) are independent (Hawkes 1962). The inter-relations are a
direct consequence of the fact that all the geometrical optical properties of optical and
electron optical systems can be derived from a variational equation, namely Fermat’s
principle, and hence from one or other of Hamilton’s characteristic functions.

In electron optics, the point characteristic function, V, is defined by

V= [T ta) (L g ] =g (A + A,y + 4, e,

The integral is taken along a ray, and the functions ¢(x, y, z), A(x,y, z) denote the electro-
static scalar and magnetic vector potentials respectively; ¢ and 7 are constants which depend
upon the charge and mass of the electrons, and which can, if preferred, be suppressed by
working in different units (Sturrock 1952).

On expanding the integrand in powers of x, y, " and y’, and integrating, we can divide
the function V into groups of terms, thus:

V=VOLyOLyoLye.  yor.

in which each group or ‘component’, V®, contains only terms of order 7 in the off-axial
co-ordinates. Of these components, V©® is a constant which will not concern us; V¥ is zero
(although this need not be an identity, cf. Sturrock 1951 &) since the axis is a ray; the Gaussian
or primordial properties are given by V®, provided N is not higher than 2, and the primary,
secondary and further aberrations are given by successive non-zero components of V.

The function Vis a definite integral of a physical quantity along a real path between two
points; it must therefore be real, and must also satisfy the same symmetry conditions as the
whole system. This suggests that we might write each of the even components of V as a
quadratic or Hermitian form

VO = 2,22, or VO =xH*rH.
2 is a column matrix and 2’ its transpose; 2 is also a column matrix and #* is the

conjugate complex matrix of #'; # and » are square matrices which we shall refer to as the
coefficient matrices.
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We have already used a four symbol notation (afyd), to enable the coefficients of the
terms in the series expansion of «, to be written down directly. We shall employ a similar
notation for the elements of the cocfficient matrices, # and #*. Each element will be denoted
by a four-figure symbol, (pgrs) which is automatically associated with the term w?ufu’us.
Whereas a-£--y+0 is equal to the order of the corresponding aberration, p+g-+7+s is
equal to the order of the terms in the characteristic function which correspond to the same
aberration, namely a+f+y+d--1. Since ¥V must be real, we can immediately conclude
that (pgrs) — (gfs).

All the interrelations which connect the aberration coeflicients stem from this property.
In the simplest case, that of rotational symmetry, the familiar relation between the two
parts of the coma coefficient is a consequence of

(1012) = (0121).

Similarly, the fact that under certain conditions, quadrupole lens systems are fully
characterized by three, and not four, aperture aberration coefficients can be deduced from
(0031) == (0013).

The condition which is used by de Broglie (1950, pp. 131-2) to obtain thc interrelations
for axially symmetrical systems can be straightforwardly derived from this condition. This
relation between the elements of the characteristic function does, however, bring out the
fact that de Broglic’s condition is a consequence of more fundamental rclations which
remain true, even though the actual aberration coeflicients may no longer be so simply
connected.

If the N-fold symmetry of a system is reinforced by a symmetry plane, the coefficients
(pqrs) are either all real or all purely imaginary. For, if the system possesses a plane of
symmetry, V will be invariant under a change from right-handed to left-handed axes, and
hence (—1)#+a*7+s(pqrs) == (qpsr). Since we have already shown that (pqrs) = (gpsr), (pqrs)
must be real if p+¢+7r+s is even, and imaginary if p+g-+r+s is odd.

2:2. Image formation and the characteristic function
Before we proceed to discuss each kind of system in detail, the analysis which provides us
with expressions for the coeflicients (afyd) in
4, — E(afyd) usafuy s
in terms of the elements of the coefficient matrices, (pgrs), will be set out briefly. We follow
Sturrock (1951 6) very closely.

Fermat’s principle
P P b} f mdz =0
leads directly to the ray equations
dn, dm dn, Jm ds om
e J— Y or — = 2-——-
dz o’ dz oy dz u
which are the corresponding Euler equations. The quantities 7, n, are the ray variables,
defined by om om
My = 5=, N, =7
Yoo Yy
and we have written § = n,+ iny, u = x+1y.

60-2
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ItV = fzﬁm dz, when the integral is taken along a ray, and the planes z = z, and z = z;

are not stigmatically imaged, then

A v,
= -9 98 = Qo
Sy 2 7u,’ Sp =2 3% .

V. 1s a function of x,, y,,, x;and y,. If z = z, and z = z, are the planes we have been calling
the object and aperture planes, therefore, the equations for the x and y components of a ray
in the field-free image space beyond the system will be

x—2, = (#]02),_,(2=2,),  Y—Yo = (¥]02),_.(2—2,)
in which the plane z = z, is situated at the point at which the lens fields effectively vanish. |
Denoting (z—z,) by Z, we obtain u—u, — () 2),_..

Itis easy to show (Sturrock 1955, p. 66) that the only terms in m® which contain x" and y’

can be cast into the form LA(x'2+y'?) +B(x'y —xy')
so that n, = Ax'+By, n,= Ay'—Bx
and the equation of a ray in image space becomes
e 2 z
u= (1 +1BZ) ua+zsa
iy 2 z dV, )
:(1+1Bz)ua+223—ﬁa‘ (2 1(1)
or since we are not at present concerned with the actual values of 4 and B,
u = Cu,+DdV,|du, (2:1b)

in which C'is complex if B does not vanish; D is real.

Without solving the ray equations explicitly, this is all we can say about the first-order
imagery of general systems. Not infrequently, however, practical systems satisfy the
orthogonality condition (Sturrock 1955, p. 68 or Glaser 1956, p. 258) ; mathematically, this
means that the first-order approximation to the trajectories can be written in the form

x(z;) = agy(z,) +bh(2),  y(z,) = cg,(2.) +dh,(2,)
and physically, that there exist two surfaces in which electrons experience no expulsive
force: any electron travelling in either of these surfaces will not stray from it. We shall
always choose those particular trajectories g,, %, g, and %, which satisfy the boundary
conditions (see figure 2):

8:(2,) = &,(2,) = h(z,) = h,(2,) = 1,
8:(2.) = g,(2,) = h(2,) = h(2,) =0
so that x, = %,8.(2,) +xalzx(zc),}
Yo = Yo8y(2.) + Yol (2,).

Although it is usually more convenient to use (real) Cartesian co-ordinates in orthogonal
systems, the complex expression is

U, = (8 18) 4+ 5(8—8,) %+ (b + ) v +5(h—h,) 7,

t To avoid the complexities of asymptotic imagery, we shall suppose such a point always to exist.

(2-2)
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so that (1000), (0100), (0010) and (0001) are all real. The coeflicient (1000) is clearly equal
to the mean magnification, and (0100) to half the difference between the magnifications;
the latter vanishes when the magnifications are equal and is thus appropriately named
first-order distortion. In round systems, g, and g, are identical, and so also are #, and 4,.
Dropping the suffixes, we find

U, = g(2,) uy+h(2;) Uy (2:3)
(1000) = g(z,), the magnification, and (0010) = A(z,), the defocusing, which vanishes in
the Gaussian image plane.

Ficure 2

The primary aberrations. To calculate the primary aberrations, we need the next higher
order component of m, m® say, which does not vanish. We define V,, by

2B
o{ﬂ = f m(") dz
2o

the integral being taken along the unperturbed ray between (%, ¥,, 2,) and (%45 Y g5 25) 510
we define z} and #;, by ‘ ‘

% % %4
nly=—28 pl . ——2 or s5,=2-.%

we find that the new approximations to the position and ray variables in the current plane,
u,+ul, s,+s. are given by the following expressions:

o, G0 iV ks 3

g, du, Ju, Ju, du, du, Ju, Ju,

w, 5 Wl o, o, s iV

D g Ju, Ju, Ju, du, (24) Dl — 9 du, ou, du, du, (25)

T & s L YT o s v

du, Ju, OJu, Ju, ou, Ou, Ju, Ju,

u, & VL gu, ou, o VL

% Z“; auO auo % ?&; ’924; auo
in which D = Jlolotnd)
(Ugy Uy Uy
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492 P. W. HAWKES
In orthogonal systems, the Cartesian expressions are simpler:
W Wae o Wy W Wae IV,
. xc on gxc axa . Yc 3!/0 gyc ay
Nye = 7 7 ) nyc = 7 7 £ 5 (26)
8ie xc_gxchxc gyc}zyc_gychyc
P BVaIc_g v, A 3V}lcﬁg vl
x¢ xC yc ye
Al — 0%, 0%, 1_ 9, %Y, (27)

A(gxc xC gxchxc) Yo = A(gyc g,/c—‘gg,/chyc )

The secondary aberrations. We now require second-order perturbation theory: we shall
employ the first form of the second-order perturbation characteristic function (Sturrock
1951, equation (5-4)), defined by

i = [ 0,4, 4, 2) - m(, 17, 2) (29)

from which we deduce the following expressions for #!' or x!' and y!':
du, du, ds IV
@, o, o, G, o
du, du, ds IV
T T T
Dul'! =2 | ° (2-9)
o o, b Vh

du, du, du, Ju,

du, du, Js Iy
W . w5
Jst ., 0st .05t Js}
ca—+uc§§;) 2§ ca +ca
&; and £, are defined analogously.

In orthogonal systems,

11 ’ 11 11 11
h, (3;/ac+_‘ ) B (33Voc+_ ) I, (aaVac_I_ H ) (3V0c+ H )
I X 11 Yo %Y,

in which 2L, =u

- Y - 2:10
A(g.k,—g.h,) J A(g,hy—gyh,) (2:10)

. . - Lonk, L ony, g onl, [ 0ny,

in which 8, o= x5 7, - ”"l&’x H, =« . Ve,

and again, & and H, are defined analogously.

3. THE ABERRATION COEFFICENTS FOR EACH TYPE OF SYMMETRY
31t N=1
This is the most general case, the system is wholly arbitrary, the axis may be straight or

curved, and few generalizations can be made about the image formation. The function
Vi is of the form

w\ ' /2000 1100(r) 1010 1001 u,)
u, 0 2000 1001 1010 u,
(3-1)
u, 0 0 0020 0011(r) u,
u 0 0 0 0020 u

a a

1 P.A.S. class 2.
+ (r) is a reminder that the adjacent matrix element is real.
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and using equation (2-15), we find that these coeflicients are related to the (¢f8yd) of equation
(1-1) thus:  (1000) = D(1001); (0100) = D(1010); (0001) = 2D(0020);
#(0010) = D(0011) +2(C); #(0010) = .#(C).
To understand what imagery such a system would produce, we consider a pencil of rays
emerging from a fixed object point and restricted by an annular stop,T |,| = r, = constant.

We denote (1000) %, (0100) %, by U, and we write (afyd) = |afyd| ci“f7 and u = reif. We
find

u, = U+1,]0010| 00010 1 0001 | ¢~1¢a~000D

or (4, — U e~ 4i00T0+5001) r,|0010| €t 47,0001 | =10
in which 0, = ﬂa—F%—(6()\lf)~6&)/l).

In general, therefore, the pencil will emerge from the system as an astigmatic bundle of
rays, which collapses into two mutually perpendicular focal lines in two particular current
planes where |0010| +|0001| = 0 and |0010| —|0001| = 0; these focal lines are inclined to
the axes #, at an angle which depends upon the position of the object point. Ifa point object
approaches the system from infinity, the focal lines may execute any one of three possible
manoeuvres. They may swivel round the axis of the system, turning always in the same

sense; in this case (6(?1’0+6(W1) changes monotonically. Systems in which the focal lines
behave in this way were called ‘gedrehte oder tordierte Systeme’ by Gullstrand who first
discussed them (1915, p.20). Alternatively, the lines may swivel round the axis until the
object point reaches one of the two ‘orthogonal points’, beyond which they turn in the
opposite sense; when the object point reaches the second orthogonal point, the focal lines
revert to their original sense of rotation. These are Gullstrand’s ‘ zuriickgedrehte’ or ‘retordierte
Systeme’. Finally, these two orthogonal points may coincide. Between the two orthogonal
points of the preceding type of system, the focal lines unwind through a quarter-turn; in
these halbgedrehte’ or ‘semitordierte Systeme’, the focal lines turn through the same angle
instantaneously, with the result that as the object point crosses the coincident orthogonal
points, the focal lines appear abruptly to change places, but continue to rotate in the same
sense.

In a stigmatic system, the image of a pair of straight lines x, = constant and y, = constant
will be

2(1000— 0100)
Y%=~ 7(1000—0100) "
| #(1000-+0100) 2(1000—0100) +.#(1000+0100) # (1000 —0100)
#(1000—0100)

Xo

and
_ #(1000-+0100)
Y= (10004 0100) ™

(10004 0100) 2 (1000 — 0100) +.#(1000-+ 0100) .# (1000 — 0100)
#(1000+0100) Yo

_I_

which represents a pair of straight lines, no longer at right angles; a rectangle is therefore
imaged as a parallelogram.

1 Chako’s ‘ characteristic curves’, see § 1.
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The primary aberrations are second order, and correspond to V®; using (pgrs) = (gpsr),
we can write the latter in the form

u;
w)\ ' /3000 1200 O 1020 1002 1011 u?
e — a, 1200 Wﬂ 0 1002 @ 1011 u,, (32)
U, 2010 2001 1110 0030 0021 O ul
i, 2001 2010 1110 0021 0030 O u?
U,

No clement is necessarily real.
In an arbitrary image plane, the primary aberrations %, are given by equation (2-5); we
substitute
u, = (1000) u,+ (0100) %, + (0010) u,+(0001)uz, and s, = Au,—iBu,

0010 0001 0001 QVY®/dz,
1000 0100 0100 JV/dE,
0001 0010 0010 JVP/du,
0100 1000 1000 JV/du,

and obtain Dul = 24 (3-3)

Each of the elements in the fourth column is composed of ten members. These elements
can be written as

4

uo uO
ﬁo ﬁo

v . 34
y u (3-4)
U U

To distinguish between the elements of the coefficient matrices associated with V, and
V., we shall enclose the elements of 7, within brackets [pgrs], and those of V,, within
parentheses (pgrs).

For oV{¥|du,, v is of the form

(2001)  (1110)  (1011) 2(1002)
B 0 (2010) (1011) 2(1020) .
'= 0 0 (0021) 2(0021) |’ (3:54)
0 0 0  3(0030)
while for dV ®|u,,
(2010)  (1110) 2(1020)  (1011)
B 0 (2001) 2(1002) (1011) .
Y o 0 3(0030) 2(0021) (8:50)
0 0 0 (0021)
Similarly, for dV{?/du,
[2100] 2[2100] [1110] [1110]
. 0 3[3000] 2[2001] 2[2010]} (3-50)

0 0 [T002] [1011]
0 0 0 [1020]
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and for dV{>/du,
3[3000] 2[2100] 2[2010] 2[2001]

0 [2100] [1110] [1110] o
. 0 o [1020] [1o11] )" (8:54)
0 0 0 [1002]

We shall not expand these aberration expressions further, as any particular aberration
coefficient can be extracted by inspection. The aperture aberrations, for example, are of
the form (0020) #2+ (0011) u, %, -+ (0002) z2 in which

(0020) = A,(0021) + A,[1002] 4 3 A,(0030) -+ A,[1020],
(0011) = 2A,(0021) +A,[TOIT] -+2A4(0021) +A,[1011],

(0002) = 3A,(0030) +A,[1020] + A4(0021) +A,[1002]

and A, A,, A; and A, are the cofactors of the elements in the last column of the matrix in
equation (3-3).

The secondary aberrations, which are third-order, can be analysed along similar lines;
they do not, however, warrant discussion here.

N = 1. Systems with a plane of symmetry

The axis of the system is now a curve lying in a plane, and we shall suppose this to be the
plane which also contains the y axis. Certain deflexion systems and f-spectrometers fall
within this class (cf. Boerboom 1957, 1958, 1964 ;1 Tasman & Boerboom 1959; Wachsmuth,
Boerboom & Tasman 1959). The primary aberrations are still second order, but the
function V® must be independent of the signs x, and x,; it is therefore of the form

2\’ /2100 2001

xx, \ [1110 1011

22 0120 0021 (y) (3-6)
y2 0300 0201 | /s

2 0102 0003

and so k.x! =k, {2[2100] x,y,+2[2001] x,y,+ [1110] y,x,+ [1011] x,¥,}
— g, A(1110) x,y,+ (1011) x,3, +2(0120) y,x, +2(0021) x, 4},
k,yi = h,{[2100] x24-[1110] x,x, - [0120] x2
+3[0300] y; +2[0201] 7,9, -+[0102] yZ}
—g,{(2001) 2+ (1011) x, x, -+ (0021) x2
+(0201) y2+2(0102) y,y, + 3(0003) y2}.

In a general plane, therefore, ten coefficients suffice to characterize the imagery, and in
the image plane of a stigmatic system, eight.
The aperture aberrations are of the form

xt = (0011)x,y,, y!= (0020)x2+4 (0002)y>2
t Earlier work is listed in Glaser (1952, 1956) and Kel’man & Yavor (1959, 1963).

61 VoL. 257. A.
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which represents an ellipse, centred on the point
(0, ${(0020) -+ (0002)}72)

with axes £72(0011), $2{(0020) —(0002)}. For a circular aperture, the envelope of this
family of ellipses is a pair of straight lines, inclined to the y-axis at an angle

cot~12,/{(0020) (0002)}/(0011).
In a stigmatic orthomorphic system, (0011) = 2(0020), and the angle becomes
cot™1,/{(0002)/(0020)} or cot~L/{8(0003)/(0021)}.

The distortions are similar in nature; the remaining aberrations are types of astigmatism,
and the aberration curve for a fixed object point and an annular aperture is a tilted centred
ellipse.

The secondary aberrations are third-order, and we consider only the contribution which
arises from V®. This function is now of the form

X2\ ' /4000
X%, 3010
4L R 0
A 0
ya 0

2200

1210

0220

0400
0

2020
1030
0040
0
0

2002
1012
0022
0202
0004

2101 x2
1111 A
0121 x2
0301 Y2
0103/ \y,¥,

(3:7)

and the derivatives with respect to x,, y,, ¥, and y, can be written in the form

%
2
Yo

x2 .9{(

y:

2
X5
2
Yo
2
Xq

y2

7

v ()

yoya xoxa

For oV¥|ox,

For dVi®|dy,

For dV¥|ox,

2[2002]

4[4000]
2[2200]
= | 2[2020]
2[2101]

(3010)
(1210)
3(1030)
(1012)

2[2200]
4[0400]
Y = (2[0220]
2[0202]
2[1210]
( (1111)

(3.84a)
[1012]
[1111]

3[3010]
[1210]
[1030] {.

(3-85)

2(2020)
2(0220)
4(0040)
2(0022)
2(0121)

(3-8¢)

[2101]
3[0301]
[0121]).
[0103]
[1111]
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(2101) 2(2002)
(0301)  2(0202)
For aV®|dy, v = (0121) 2(0022) |. (3-8)
3(0103) 4(0004)
(1111) 2(1012)

The aperture aberrations are in general given by
ll = %&{[1030] x3+[1012]x, yg}—%‘c {4(0040) x3+2(0022)x, 42},

g1 = " {0121 2y, +[0103] 52} 2 (2(0022) sy, +4(0004) 3}
Y

Y

so that in the image plane of a stigmatic system,
_Aha/czxzu = axg—l—bxayczv —Ahyzyl - bxgya_l_cyg‘

The aberrations are thus similar to the star and rosette aberrations of N = 2 systems with
a plane of symmetry (Burfoot 19544, 5).
The distortions in a general plane are of the form

1 = B £414000] 13 1 2[2200] 5,32} — e (3010) 5+ (1210) 5,43
g = 212200] .-+ 41040012} — 1 ((2101) sy, + (0301) )
Y

The astigmatisms and field curvatures are given by

Al — ’lli_o (x,{3[3010]x2+[1210] y2}+2[2101] x,¥,Y,)

X

gxc ( {2(2020) x2+2(0220) Yy }+ (1111)xoyoya)’

x

g =" <ya{[2101] #2+3[0301] 2} +2[1210]x,,%,)

_%w (y,42(2002) x24-2(0202) 52} + (1111) 2, 4, x,)

and the comas by Y

A1 — % (x,{2[2020] 42+ 2[2002] y2} -+ [1111] 4, %,7,)

—8 (x,{3(1030) 2 + (1012) y2}+2(0121) 9,%,4,),

Yl = %_c (y,{2[0220] x24-2[0202] y2} +[1111] x,%,,)
Y

M%w (,£(0121) 424-3(0103) 52} +2(1012) x,%, 4,).

Y

In the image plane of a stigmatic system,
—'Ah xH =a1X, xz—l—bx ya+26yox Yas Ahyzyz Cyox¢21+a2yoyg+2bxoxuya'
The aberrations of this class of systems are discussed by Upadhyay (1963).

61-2
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32+ N .2

Systems for which N = 2 and there is no symmetry plane may consist of any combination
of round lenses and quadrupole lenses in any orientation; the lenses may be either electro-
static or magnetic and the electrostatic lenses need not be excited symmetrically nor need
they be geometrically symmetrical. The aberrations of quadrupole systems in which the
azimuthal alignment of the individual members is imperfect thus fall within this class. The
Gaussian imagery is no simpler than that of general systems, but the primary aberrations
are now third-order.

To analyse the primary aberrations, we replace V' in equations (2:5) or V® in equation
(3:3) by V™, so that cach of the elements of the final column now contains twenty members.
These elements can all be written

i
2
3

Q
~
X
=
IS
|
(S)

IR

The matrices v are identical to those defined by cquations (3-8a-d).

In the general case, the primary aberrations of these systems closely resemble the
secondary aberrations of systems for which N — 1. In practice, however, such a system is
likely to be used either to form a stigmatic image for at least one pair of conjugate points,
or to form a linc focus. In the latter case we should be interested in the aberrations of one of
the focal lines of an astigmatic system; at the focal lines,

o |0010| = 4-|0001]
and «! is given by
| Ke~i00T0 K ¢l0001  (10001| -+iKG001) €001 9y a,
| 1000 0100 0100’ V| ou,

Dui == 2A N LN . S~ LN
K =000 K ei00T0 (10010 +iK0010") ei0010 gV /u,
| 0100 1000 1000’ WD u, |
in which we have written [0010| = |0001| = K; this expression is more usefully written:

| Ke7'¢ Keic (]0001] --iK0001') ei¢ e-iéaV;y/aaai

1000 0100 0100’ avid|ou,

- Kc™ic Kei¢ (]0010|"+iK0010") eic  ¢i€ dViP/ou,

! 0100 1000 1000’ VP ou, |
in which €= -;—(60\0/1 +60\l/0) and ¢ = }(60\/01 —60\1/0).

If the system produces a stigmatic image for a particular choice of object plane, K == 0
and hence EV“”}

du,

4)
Du} = 24(]0100[2—[1000|2) {|0001|’3;;“+ |oo10]’

t P.A.S. class 1-1.
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GENERAL ELECTRON OPTICAL SYSTEMS. I 499

so that a single characteristic function, V¥, contains all the information required to calculate
the aberrations in the stigmatic image plane.

We now consider the relations between the coeflicients (¢fyd) and (pgrs) in the various

cases. In general
’ Du] 2453 v &‘VO(;“ 3V(‘” )
oA Ay T <+ A, N +A, + A, (3-10)
0100° 0010° 1000’
0100 0010 1000

! 7000 0001 0100

0001" 0010° 1000’
0001 0010 1000
0010 0001 0100

in which A= , (3-11a)

Ay =— , (3-11b)

0001’ 0100" 1000’
0001 0100 1000
0010 1000 0100 |

Ay = : (3-11¢)

0001’ 0100° 0010’
0001 0100 0010
0010 1000 0001

Ay — , (3-114)

The distortions. The four distortions, (3000), (2100), (1200) and (0300), are given by

(3000) (3001)  [3100] (3010) 4[4000]\ /A,
(2100) | 24 [ (2101) 2[2200] (2110) 3[3100] | [ A,
(1200) | D \ (211 0) 3[3100] (2101) 2[2200] [ A,
(30 (

)
)

(0300) 010) 4[4000] (3001) [3100]/ \A,
(

The aperture aberrations. The four aperture aberrations, (0030), (0021), (0012) and (0003)
are given by

(0030) (0031) [1003] 4(0040) [1030]\ /A,
(0021) | 24 2(0022) [1012] 3(0031) [1021] }{ A,
(0012) | ~ D | 3(6031) [i021] 2(0022) [1012] || A,
(0003) 4(0040) [1030] (0031) [1003]/ \A,

The astigmatisms and field curvatures. These aberrations, (2010), (2001), (0210), (0201),
(1110) and (1101) are given by

(2010  [(2011)  [2110] 2(2020) 3[3010] ﬁ‘
(1110) )= =5 [ (1111) 2[2T01] 2(1120) 2[2100] A2 ,
(0210) (2011) 3[3001] 2(2002) [2101] A3
(2001)\ (2(2002) [2101] (2011) 3[3001] ﬁ‘
(1101) | =5 | 2(1120) 2[2110] (1111) 2[2101] A2 .
(0201) 2(2020) 3[3010] (2011) [2110] A3
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The comas. These are the aberrations containing the aperture co-ordinates squared:
(1020), (0120), (1011), (0111), (1002) and (0102):

(1020)\ [ (1021) [1120] 3(1030) 2[2020] ﬁ‘
(1011) )= 55 { 2(1012) [1111] 2(1021) 2[2011] A2 ,
(1002) 3(1003) [i120] (1012) 2[2002] A3
(0120)\ [ (1012) 2[2002] 3(i003) [1120] ﬁ"
(o111) )= 5+ 2(1021) 2[2011] 2(1012) [1111] A2
(0102) 3(1030) 2[2020] (1021) [1120]/ \'\*

In a stigmatic system, A, and A, vanish, and the aberrations in the stigmatic image plane
simplify as follows (we denote 24(]0100|%2—|1000|2)/D by R):

Distortions
(3000) (3001) (3010)
(2100) R (2101) (2110) (|0010|')
(1200) (2110) (2101) J\[0o0O1|'/"
(0300) (3010) (3001)

Aperture aberrations
(0030) (0031) 4(0040)
(0021) R 2(0022) 3(0031) | /|0010]|’
(0012) 3(0031) 2(0022) (IOOOII’)'
(0003) 4(0040)  (0031)

The astigmatisms and field curvatures

(2010) (2011) 2(2020) 10010
(1110) (1111)  2(1120) (|0001|')’
(0210) (2011) 2(2002)

(2001) 2(2002) (2011) )
(1101) R(2(1120) (1111) (Iggé‘;})
(0201) 2(2020) (2011)

The comas

(1020) (1021) 3(1030)

(0120) (1012) 3(1003)

(1011) 2(1012) 2(1021) |0010|’
(o111) 2(1021) 2(1012) (|0001}')
(1002) 3(1003)  (1012)

(0102) 3(1030)  (1021)

The distortions fall into two groups,

= (3000) 43+ (0003)% and u! ~ (2100)u2%,- (1200) u, 7.
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GENERAL ELECTRON OPTICAL SYSTEMS. 1 501
The first pair can be written
g = 3(Ryg+Roy) Z{[(3001) + (3010) 1} + $i(Ryo — Ryy) {u3[(3001) — (3010) ]}
and the second,
g = 3 (Rio+ Roy) 2{uiw,[(2101) -+ (2110) ]} + i (Ryo — Ryy) #{u57,[(2101) — (2110) ]}
in which R, denotes R |0010|".
The aperture aberrations can be written
ul - 3(Ryo+ Roy) 2{u3[(0031) +4(0040)] + u2%,[2(0022) + 3(0031)]}
+3i(R,o— Ry,) £{ud[(0031) — 4(0040)] + u27,[2(0022) — 3(0031)]}
and the comas,
U == 5(Ryo+ Roy) R{u(uz[(1021) +3(1030)]
+2u,%,[(1012) - (1021)] +#2[3(1003) -+ (1012)])}
FE(Rg— Roy) Suug[(1021) —3(1030)]
+2u,7,[(1012) — (1021)] +#2[3(1003) — (1012)])}.

The form of the aberration figure for each group of aberrations can be derived quite
straightforwardly; the secondary aberrations of N = 1 systems are formally identical to
the primary aberrations of N -~ 2 systems.

The secondary aberrations are now fifth order; as before, we consider only the contribu-
tion which arises from the term V' which is now V® and can be written in the form

Ve — 2, VI 2,

in which  2¢ = (&3 % 3 @3 20, w?u, W2u, Wu, W2u, 02U, ulu,

w2, ulu, Wiu, wPu, udu, u U, u, U, U, U, U, U, U, 4,) (3-12a)

and VI is a very redundant 20 x 20 matrix, which is composed of the following blocks of
sub-matrices:

4x4 - 16 x4 = %

VI - 16 %16 | 4x12 , (3:126)
(unoccupied: every IRTRPPRRSR
element vanishes) P 4x4=9%

6000 3300 3030 3003
-1 ° 6000 3003 3030 , (3-13)
0 0 0060 0033
0 0 0 0060
5100 5010 5001 4200 3210 3201 4020 3120 3021 4002 3102 3012 4110 4101 4011 3111
4200 3201 3210 5100 5001 5010 3102 4002 3012 3120 4020 3021 4101 4110 3111 4011
2130 2040 2031 2103 2004 2013 1050 1005 0051 1032 1023 0042 1140 1131 1041 1014 (3-135)

2103 2013 2004 2130 2031 2040 1023 1032 0042 1005 1050 0051 1131 1140 1014 1041
2220 2211 2121 2112
0 2990 2112 2121
and 0 0 2022 1122 (3-13¢)

0 0 0 2022
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502 P. W. HAWKES

In a general current plane, we require the derivatives of V® with respect to all of u,a,,
u, and %,. At the line focus of an astigmatic system, there will be some simplification, but
this affects only the cofactors of the elements in which these derivatives appear in the deter-
minant of equation (2:9). In the image planc of a stigmatic system, one characteristic
function contains all the information about the aberrations, namely V(9.

Each of the four derivatives of V® can be cxpressed in the form

3 a

u, 772

;’ U,

u S uu

IR B I B (3:14)
u() u() utl u() u(l
u, wo ﬁa U,y
u

—
K QQ i
R K K
8 S} IS
S ——

For aV®/da,,

(5001)  (3210) (2031) 4(2004) 0 0 0 0
(3201)  (5010) (2013) 4(2040) 0 0 0 0 \
(3021)  (3012) (0051) 4(0042) 0 0 0 0
3(3003) 3(3030) 3(0033) 6(0060) 0 0 0 0
v (4011)  (3111)  (1041) 4(1014) (2121) 0 2(2022) 0
] 2(3102) 2(4020) 2(1023) 5(1050) 0 3(2130) 0 3(2031)
2(4002) 2(3120) 2(1032) 5(1005) 0 3(2103) 3(2013) 0
(3111)  (4011)  (1014) 4(1041) (2112) 0 0 2(2022)
(4101)  (4110)  (1131) 4(1140) (2211) 2(2220) 2(2112) 2(2121)
2(3012) 2(3021) 2(0042) 5(0051) 2(1122) 3(1131) 3(1023) 3(1032)
(3-15a)
For dV®|du,,
(5010)  (3201) 4(2040)  (2013) 0 0 0 0 \
(3210)  (5001) 4(2004) (2031) 0 0 0 0
3(3030) 3(3003) 6(0060) 3(0033) 0 0 0 0
(3012)  (3021) 4(0042)  (0051) 0 0 0 0
Y 2(4020) 2(3102) 5(1050) 2(1023) 3(2130) 0 3(2031) 0
(3111)  (4011) 4(1014) (1041) 0 (2121) 0 2(2022)
(4011)  (3111) 4(1041) (1014) 0 (2112) 2(2022) 0
2(3120) 2(4002) 5(1005) 2(1032) 3(2103) 0 0 3(2013)
(4110)  (4101) 4(1140) (1131) 2(2220) (2211) 2(2121) 2(2112)
2(3021) 2(3012) 5(0051) 2(0042) 3(1131) 2(1122) 3(1032) 3(1023)

(3-15b)
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For aV®|du,,

[5100] 4[4200] [2130] [2103]
3[3300] 6[6000] 3[3003] 3[3030]
[3120] 4[4002] [1005] [1032]
[3102] 4[4020] [1023] [1050]
v [4110] 4[4101] [1140] [I1131]
2[3201] 5[5010] 2[2013] 2[2040]
[4101] 4[4110] [1131] [1140]
2[3210] 5[5001] 2[2004] 2[2031]
2[4200] 5[5100] 2[2103] 2[2130]
[3111] 4[4011] [1014] [1041]

and finally, for dV®/du,,
/6[6000] 3[3300] 3[3030] 3[3003]
4[4200] [5100] [2103] [2130]
4[4020] [3102] [1050] [1023]
4[4002] [3120] [1032] [1005]
Y _ 5[5010] 2[3201] 2[2040] 2[2013]
| 4[4101] [4110] [1131] [I140]
5[5001] 2[3210] 2[2031] 2[2004]
4[4110] [4101] [1140] [1131]
5[5100] 2[4200] 2[2130] 2[2103]
4[4011] [3II1] [1041] [1014]

0

0

0

0
2[2220]

0

0
3[3102]
3[3201]
2[2112]

S O O

0
3[3120]
0
0
2[2220]
3[3210]
2[2121]

The aperture aberrations, for example, are given by

S O <O o

0
3[3120]
2[2220]
0
3[3210]
2[2121]

S O O O

0
2[2202]
3[3102]

0
3[3201]
2[2112]

S <O o

0
[2121]
0
[2112]
0
2[2211]
[1122]

S O O

0
3[3021]
0
3[3012]
0
3[3111]
2[2022]

503

S O O O
e —

3[3201]

3[3012]
3[3111]
2[2022]

(3:15¢)

S O O O

0
[2121]
0

[2112]
2[2211]
[1122]
(315d)

(0050) 43+ (0041) u %, + (0032) u3 72 + (0023) 4273 + (0014) u, 7t + (0005) 75

(0050) (0051) 6(0060) [1005] [1050]

(0041) 2(0042) 5(0051) [1014] [1041] A,
) ) (0032) 3(0033) 4(0042) [1023] [1032] A,
in which (0023) § T | 4(0042) 3(0033) [T032] [1023] A,

(0014) 5(0051) 2(0042) [1041] [1014] A,

(0005) 6(0060) (0051) [1050] [1005]

To analyse the effect of each of these aberrations in a current plane, we return to the
quantities (afyd), o
u'= 3 (efyd)wufuyul

a+pf+y+é=5

and except for the distortions, we consider the characteristic curves, the cross-sections of
a pencil emerging from a point object, «,, and passing through an annular stop, u, = r, efs;

we write (afyd) = |afyd| eiahs,

62 VoL. 257. A.
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If we consider an annular object, the treatments of the distortions and the aperture
aberrations become formally identical. For the distortions, we have

ul' = (5000) 43+ (4100) u47, + (3200) #3 %2+ (2300) 123 + (1400) u, 74 + (0500) %3

I TN L Ll TN
_7:% _ [5000! ei(500+5000)_|_ [0500| e~i(500—~0500)_|__ |4100] Ci(39°+4100)—|— 11400‘ e—i(300—1400)

0

+]3200] €iC+3200) 1 |2300] ¢i06~2300),
Each of the pairs, |f00] eilla= o+ o001 |- |f00] e ila=p-pad8l would produce a tilted ellipse
in the current plane, described five times, thrice or once, for 0 < 6, < 27.
Alternatively, we can take (5000) and (4100) together,

(ul'}r3) expi}(3-5000—5-4100) — |5000| €3i% 4 |4100] e3i®
with @, = 0,+1(5000—4100).
Similarly,  (u!/r%) expi}(3-0500—5-1400) = [0500] ¢=31% + |1400] e~310

with 0, = 0,+1(1400— 0500).
As before, (3200) and (2300) give an astigmatism ellipse,
(ul1)r3) exp i} (8300 — 3200) = |3200| ei® -+ [2300| e=i®
with 6, = 00+%(3/2\O/0—~23/\O/O); the semi-axes of the ellipse are 473(|3200| 4 |2300] ).
The astigmatisms. These comprise all the terms containing 7, to the first power only:
ult = u,[(4010) ut+ (3110) u3%, + (2210) 22+ (1310) u, @3 + (0410) %]
+7,[(4001) 12+ (3101) 437, 4 (2201) 272+ (1301) u, 73+ (0401) 72].
If we denote the coefficient of u, by 4 = aei@ and of %, by B = be'?, so that
ul' = Au,+ Bu,.
We can write (ulfr,) exp [ —i}(@+5)] = aei®at-heie
in which @, = 0,+ %(d—¥5). This represents an astigmatism ellipse, as we should expect,

semi-axes 47,(a-+ ), inclined to the axes in the u-plane at an angle —1(a+5).
The comas. We have

ull = u2[(3020) u3 + (2120) u2%, -+ (1220) #, 72+ (0320) %3]
+u, [ (8011) 3 + (2111) 27, + (1211) u, 72+ (0311) %3]
+u2[(3002) 43+ (2102) u?u,+ (1202) u, a2+ (0302) u3].
We denote the coefficient of 42 by 4 = aeid, of u, 4, by B = bei? and of @2 by C = cei?,
so that
W = eIt D L Belb i pemi00D o (ulth2) exp [—i}(a+2)] = aedOotcoon b i
in which 0,=0,+4@—¢) and b =b—L(@a+o).
For increasing values of 7,, therefore, the aberration figures in the current plane consist
of a family of ellipses, the centres of which lie along the straight line
ul' = Br?

and the semi-axes of which are 72(a+¢). Their envelope is a pair of straight lines.
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GENERAL ELECTRON OPTICAL SYSTEMS. 1 505
The terms in r3. We have
wll == u3[(2030) u24- (1130) u, 7, + (0230) @2] +u2%,[ (2021) u2+ (1121) u, 11, + (0221) 2]
+u,72[(2012) w2+ (1112) u, %, 4 (0212) 72] +Z3[(2003) 12+ (1103) u, 1, + (0203) 72].

Denoting the coefficients of w3, u2u,, u,u? and @ by A = aeid, B == be'?, C=cei® and
D = del respectively, so that
w!' = Aud+ Bu?u,-\- Cu,u? -+ Dul

a~a

we find ullfr3 = qelBlatd) eila+b) | ¢ =10a=0) | d ¢=i(30a—d),

This expression is familiar, as it is formally identical to the expression for the third-order
aperture aberrations. We can group the terms in 4 and C together, thus:

(ul[rd) exp [ —11(@4-3¢)] = aeld®a+cei9

with ©, = 0,--1(d—¢). The characteristic curve therefore resembles astigmatic ‘star’
aberration. Similarly, B and D can be written

(uil/fz) exp [—‘i;}(35—}~07)] = d e 130 4. p ¢iba

with @, :- 0, +1(b—d), which resembles defocused ‘rosette’ aberration. The rosctte and
the star are in general inclined at an arbitrary angle to one another, however.

The terms in rt. We have

ul' = Aul+ Budu,+ Cu?u2+ Du,u}+ Fu?

A (1040)  (0140)
B (1031) (0131)

in which c =\ (022) (0122 (;)
D (1013) (o113) |
F (1004) (0104)

The terms in 4 and F together give

(ullfrt) exp [ —i(@-+/)] = aei*Oat fe-i40a

in which 0, = 0,-+%(@—f). This represents an ellipse with semi-axcs 7¢(a+ f), inclined to
the u -axes at an angle (@), described four times in the range 0 < 6, < 27.
The terms in B, C and D give

(ull[r) exp [——i%-(b~+ J)] == p e*1% ¢ el? |- d e 210
in which @, — 0, +1(b—d) and ¢’ = ¢—%(b-+d). This represents a family of tilted ellipses,

with semi-axes 75 (b -- ), centred at the points ' = Cr, enveloped by a pair of straight lines.

N == 2. Orthogonal systems without a symmetry plane

Electron optical systems with straight axes may be orthogonal without possessing a plane
of symmetry. These are the systems which comprise Dusek’s ‘erster Haupifall’ (1959,

62-2
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506 P. W. HAWKES

eqn (2-2-1)) and since they involve a complicated and delicate balance of electric and
magnetic forces, they have as yet found no practical employment. The surfaces in which
electrons experience no expulsive force are not planes, but curved surfaces which twist
about the axis within the lens fields.

Since such systems are orthogonal, it is simpler to use Cartesian co-ordinates, and V®
can therefore be written

x;

Ys

2

2\ ' /4000 2200 2020 2002 3010 2101 3001 2110 3100 2011\ | ¢
42 0 0400 0220 0202 1210 0301 1201 0310 1300 o211 \] Y°
%2 0 0 0040 0022 1030 0121 1021 0130 1120 0031 | "
2 0O 0 0 0004 1012 0103 1003 o112 1102 0013 [} Y%
%%, o o o o o 1111 o o o o ]|%
xayo

\xOyO

%Y

The aberrations associated with perturbation characteristic functions of this form
resemble the secondary aberrations of N = 1 systems.
The aperture aberrations are of the form

= " (110301 13-+ [1021] 2y, + [1012] 2,2+ [1003] 3}

—@{4(0040) 3+ 3(0031) 22y, +2(0022) x, 52+ (0013) 42},

Y= %{[0130]x3—|—[0121]x Y, +[0112] x, 524 [0103] 43}

_%yv{(oog 1) x34-2(0022) 22y, +3(0013) x, 52+ 4(0004) y4}.
Y

When the imagery is stigmatic, the aberration curve in the stigmatic image plane simplifies
to the form
—Akyx} = X 3B Y 5 yat 0yh  — Al yl = BxiHyaiy,+30%, Y5+ ay vl

The secondary aberrations involve V®. We shall not discuss these in detail, but simply
mention that if we consider only the contribution arising from V'), the aperture aberrations
in the image plane of a stigmatic system are of the form:

— Ahj 2t = 6a, x5+ 5bxt y,+ dexd y2 + 3dx2 y3 4 2ex, y* -+ 145,
mAhyZ yit = bxd 4 2cxty, + 3dx3 y? -+ dex? y3+ 5fx, yi + 6a, yd.

N = 2. Systems possessing a plane of symmetry

Systems belonging to this class are automatically orthogonal; they represent the special
case of the preceding class for which the curved orthogonal surfaces collapse into a pair of
mutually perpendicular planes (DusSek’s ‘verdrehungsfreie Orthogonalsysteme’)t. The elements

1 We shall subsequently refer to these as ‘twist-free’ orthogonal systems.
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of these systems may be electrostatic and magnetic quadrupole lenses, and round electro-
static lenses; all the electrodes of the electrostatic quadrupoles must lie in the same pair of
(mutually perpendicular) azimuthal planes, however, and all the pole-pieces of the
magnetic quadrupoles must lie in the pair of azimuthal planes which are inclined to the
electrode planes at 45°. The electrodes need be symmetrical in neither excitation nor
geometry, provided of course that any asymmetry is compatible with the symmetry plane.

In complex notation, the presence of the symmetry plane implies that all the elements of
the coefficient matrices are real; in the Cartesian notation, V'® and V® contain only even
powers of x and even powers of y. Examining equation (3-16), we can see that V® is
obtained by selecting the first six columns of the coefficient matrix, and retaining the first
six elements of the ten-element column matrix, thus:

A2\ ' /4000 2200 2020 2002 3010 2101 %
92 0 0400 0220 0202 1210 0301 Yo
e =1 x2 0 0 0040 0022 1030 0121 ¥a (3:17)
v 0 0 0 0004 1012 0103 xyjc
%%, o o0 0 0 o 1111 0%
YoYa

The primary aberrations in a general plane are therefore given by
k.x; = h, {4[4000] x342[2200] x, 52+ [1030] 3 +[1012] x, >
1,(3[3010] 22-+ [1210] 42) +2[2101] 2,4,9,
-+2[2020] x,x2+2[2002] x,y2+ [1111] y,x,y,}
—2,{(3010) x3+ (1210) x, 52+ 4(0040) x3 + 2(0022) x, 42
+,(2(2020) 13-+ 2(0220)32) + (1111) 1,8,
+3(1030) x,x2+ (1012) x,y2+2(0121) y,%,4,}, (3-184)
k,y; = h,{2[2200] 22y, 4[0400] 3+ [0121] x2y,+ [0103] y3
+7,([2101]x2+3[0301] y2) +2[1210] x,¥,x,
+2[0220] g, 52+ 2[0202] 7,2+ [1111] 5,%,9,}
—£,4(2101) 2y, + (0301) 43-+2(0022) a2y, + 4(0004)
+7,(2(2002) 52 +2(0202) 32) + (1111) 1,9, %,
+(0121) y,x2+3(0103) y,y2+2(1012) x,x,y,}- (3-185)

In a stigmatic system, there exists an image plane in which #,(z,) = %,(z,) = 0; as we have

remarked earlier, the aperture aberrations are then described by only three coefficients,
Ahyxf = —4(0040) x5 —2(0022) x, 92, Ahyy} = —2(0022) 2y, —4(0004) 3

provided the slopes of h,(z) and h,(z) are equal at the image plane.
V® is given by

VO = (23 45 %3 Y2 %oYo%a %oYoYa ¥oXaYa Yo¥aYa) VI(%3 43 x3 43 a2y,

2 2 2 2 2 2 2 2 2 2 2 ’
xoxa X6Ya Yo %o Yo% YoYa XaXo %Yo XaYa Ya*Xo YaYo yaxa X0Yo%a *0YoYa X6%aYq yoxaya)
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6000 0 0 0
0 0600 0 0
3030 0 0060 0
0 0303 0 0006
0 2400 0 2103
5010 0 2040 0
0 2301 0 2004
4200 0 1230 0
3210 0 0240 0
0 0501 0 0204

S O OO OO OO0 oo O O o0

S O OO OO oo OO0 OO0 o o0 o o0
S O OO OO OO OO OO O O oo
(el e B e A e e e e A B = A = i e = e = A R = A =

and VI’ = (3-19)
4020 0 1050 0
r 0 0420 0 0123
0 0321 0 0024
4002 0 1032 0
0 0402 0 0105
3012 0 0042 0 0
0 1410 0 1113 2220
4101 0 1131 0 0 2202
\ 0 1311 0 1014 2121 0 2022 0
3111 0 0141 0 0 1212 0 0222
The derivatives of V® with respect to x, and x, can now be put into the form
(%3 95 %2 Yo %5, %,%5) X (%3 Y5 %5 Y2 %o%a YoYa %oYa Yoba %Yo X0Ya)' (3-200)
and those with respect to y, and y, into the form
(%3 95 %a Ya YoYa YoYa) Y (%5 Ys %2 Ya %o%a YoYa %o Yo%a %Yo XaYa)’ (3:200)
in which the matrices Z and # are as follows:
For dV®/dx,
6[6000] 4[4200] 4[4020] 4[4002] 5[5010] 4[4101] 0 0 0 0
0 0 0 0 0 0  2[2301] [1410] 2[2400] [1311]
o | 8[3030] [1230] [1050] [1082] 2[2040] [1131] O 0 0 0
- 0 0 0 0 0 0  2[2004] [1113] 2[2103] [1014]
0 3[3210] 0 3[3012] 0  3[3111] O 0 0 0
0 2[2220] 0 2[2022] o0 2[2121] 0 0 0 0
(3-21q)
and for dV®/ox,,
(5010) (3210) 3(3030) (3012) 2(4020) (3111) 0 0 0 0
0 0 0 0 0 0 (1311) 2(0420) (1410) 2(0321)
o | 4(2040) 4(0240) 6(0060) 4(0042) 5(1050) 4(0141) 0 0 0 0
B 0 0 0 0 0 0 (1014) 2(0123) (1113) 2(0024)
0 2(2220) 0 2(2022) 0  2(2121) 0 0 0 0
0 3(1230) 0  3(1032) 0  3(1131) 0 0 0 0

(3-210)
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For oV®|dy,,

0 0 0 0 0 0 [4101] 2[3210] 2[4200] [3111]
4[2400] 6[0600] 4[0420] 4[0402] 4[1410] 5[0501] 0 0 0 0

B 0 0 0 0 0 0 [1131] 2[0240] 2[1230] [0141]

— | [2103] 3[0303] [0123] [0105] [1113] 2[0204] © 0 0 0
3[2301] 0  3[0321] 0  3[1311] O 0 0 0 0
2[2202] 0  2[0222] o0  2[1212] 0O 0 0 0 0

(3-21¢)
and for dV®/dy,,
0 0 0 0 0 0  2(4002) (3111) (4101 3012
(2301) (0501) (0321) 3(0303) (1311) 2(0402) 0 0
0 0 0 0 0 0 2(1032) (0141) (1131 0042
¥ =
4(2004) 4(0204) 4(0024) 6(0006) 4(1014) 5(0105) 0 0
2(2202) 0  2(0222) 0  2(1212) 0 0 0 0
3(2103) 0  3(0123) 0  3(1113) 0 0 0 0
(3-21d)
The aperture aberrations are now of the form
k,xlt = b, {[1050] 43+ [1032] 4392+ [1014] x, 4%}
—8..{6(0060) x5 +4(0042) 43 y2 +2(0024) x4},

kyyit = hy, {[0141] 23y, +[0123] x7y+ [0105] 55}
——gyc{2(0042) xky,+4(0024) x2y3 4 6(0006) y3}
so that in the image plane of a stigmatic system, the aperture aberrations are of the form
— Ahxit = 5,(6a, x5+ 4bx7ys +20y3),  —Ahyyi' = y,(2bxg+doxZ y;+6ay 7).

33.7 N=3

Systems for which N = 3 may contain any number of round lenses, together with elements
of a new kind; these latter may consist of a diaphragm with a triangular opening, for
example, or of a symmetrical sextupole. Such a device has been employed by Amboss
(1959) in an attempt to combat ‘anticoma’. If the system does contain round lenses, then
the first-order properties will be those of an ordinary rotationally symmetrical system and
the primary aberrations will be due to the three-fold symmetrical element alone. If the
system consists only of sextupolar elements, the primordial properties will be due to V® and
the primary aberrations to V'®.

When both sextupole elements and round lenses are present, the image-forming properties
of the system are described by, — (1000)u,+ (0010),

in which (1000) is real, and equal to g(z), and (0010), also real, is equal to 4(z).
The component V® of V is of the form

u?\ ' /3000 O 2010 O u,
e _ u? 0 3000 O 2010){%
u? 1020 0 0030 O u,
u2 0 1020 O 0030/ \%,

T P.A.S. class 1-2.
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so that
aV®  Y®
I __ ac oc
Dus = h= =87

= h{3[3000] 42+ 2[2010]%,u, -+ [1020] #2} — g{(2010) %%+ 2(1020) %,4,+ 3(0030) u2}.

In the Gaussian image plane, £(z) vanishes. In any plane, however, there are three primary
aberrations: a distortion, (0200) %2, where

I PN S —
(0200) = —D—3[3000] ) (2010)
an aperture aberration, (0002) %2,
[ S S —
(0002) = 7 [1020] — 3(0030)
and an astigmatism, (0101)%,%,,

h -
(0101) — 1 2[20T0] —%2(1020).

We have so far made no assumptions about the alinement of the triangular elements, and
the aberration coeflicients can therefore all be complex. If there is only one such element,
however, or if corresponding points of different elements all lie in the same meridian plane,
then all the coefficients will be imaginary, provided the y-axes (say) lie in this plane.

The secondary aberrations will be the same as the primary aberrations of the round
lenses, in nature at least; their values will be modified, however, by the presence of the
second-order (primary) aberrations.

If no round lenses are present, we obtain a system from which all the familiar character-
istics of a lens system have vanished. The primordial effect is no longer a combination of
anisotropic magnification, defocusing and astigmatism, as in the most general cases of
N =1 and N = 2 systems. Instead we find

u, = (0200) %2+ (0002) %2+ (0101) 7,4,

so that even if (0002) and (0101) can be reduced simultaneously to zero, the magnification
is not linear.
The primary aberrations will be third order and the secondary aberrations, fourth.

34. N=14
Apart from rotationally symmetrical lenses, the system may contain any number of
electrostatic or magnetic octopoles, in any orientation. The Gaussian imagery is identical
to that of ordinary round systems, and the primary aberrations are now third order. The
corresponding component of V, namely V®, is most compactly written as the Hermitian
form

uf \ ' /2200 4000 2002 2020 2101 u?
u2 4000 O 0 0 3010 u?
Vo = u? 2002 0 0022 0040 1012 i,
u 2020 O 0040 O 1030 u’

u,u,/ \2101 3010 1012 1030 1111/ \#z
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The aberrations in a general plane are thercfore given by

A

Du = b, o= —g,
w2\ ' /2[2200] [2101] w2\ '/ (2101) 2(2002)
@ \ [4[4000] 3[3010] | _ 2 (3010) 2(2020) \ _
w| w2 | | 2[2002] [10i9] (i‘) gl @ (1012) 2(0022) (i‘)
@ | \er2020] [1o30] | 2 |\ s(1030) 4(6040) |
w,u,/  \2[2161] [1111] u,u, (1111) 2(1012)

There are therefore two aperture aberrations: (0003)% and the ordinary spherical

aberration of round lenses, (0021)%2%,; two distortions: (0300)% and the round lens

distortion, (2100)u2%,; two astigmatisms, (0201)%2%, and the round lens astigma-

tism, (2001)u?%,; the round lens coma terms (1011)u,u,u, and (0120)%2u, together
with an ‘anticoma’ term (0102)%,u2; and finally, the round lens field curvature,
(1110) u,%,u,.

Ifall the clements are alined in such a way that the system possesses a plane of symmetry—
this implies that one electrode of each electrostatic element lies in a single azimuthal plane,
and a pole-piece of each magnetic element in a plane which is inclined to the electrode plane
at 221°—all the elements of the coefficient matrix will be real.

The secondary aberrations are fifth order. V® can be written as an Hermitian

form:
ud \ ' [3300(r) 3003 5100 3120 5001 3021 4110 4011 @l
/ ul \ /‘300’3 0033(r) 2130 1005 2031 0051 1140 1041\ / u \
u,ul 5100 2130 0 3102 3201 2112 O 0 w2,

V6 u, U’ 3120 1005 3102 1122(r) O 1023 0 2013 u,ul
wu, 5001 2031 3201 O 2211(r) 0 0 0 w2,
u,u’ 3021 0051 2112 1023 0 0 0 0 ulu,
u,%, %, / 4110 1140 0 0 0 0 0 0 \uﬁ u,
\ﬁouaﬁa 4011 1041 0 2013 0 0 0 0 ) uuﬁ/

3 4
{ y
3
u, \
72 U
Uy s _;
u ﬁZ uo
v%a 2
ulu B
0 “%a ﬂ2
u,u’ ‘
a”a u() ua
\uo U, ua/
U,u, U,

63 Vor. 257. A.
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512 P. W. HAWKES
For dV{®/ou,,

[2130] 3[3003] [1005] [1023] [1140]
0 5[5100] 3[3102] 3[3120] 3[3201]
0 0 [1122] [1140] [2112]
0 5[5001] 0 3[3021] 0
0 0 0 [1041] 0

\2[3201] 4[4110] 2[2112] 2[2130] 2[2211]

0 4[4011] 2[2013] 2[2031] 0 /

/ [5100] 3[3300] [3120] [3102] [4110]\

and for V9| du,,

(5001)  (3201)  (3021) 3(3003)  (4011)
/ (2031)  (2013) (0051) 3(0033)  (1041)
0 (4110) (2112) 3(2130) (2211)
0 0 3(1023) 5(1005) 3(2013)
Y — . R
0 (4011) 0 3(2031) 0
0 0 0 5(0051) 0
\2(3102) 2(3120) 2(1122) 4(1140) 2(2112)/
0 2(3021) 2(1023) 4(1041) 0

These aberrations are all members of the class & = 2, and we shall therefore discuss
them no further.

35. N=5and 6

(@) N=5. A system possessing this symmetry would consist of ‘decapole’ elements:
these could be produced in the form of ordinary lenses with pentagonal openings instead
of round ones, or as elements with ten poles (or electrodes), symmetrically disposed about
the axis. Round lenses could of course be present also, and since the function of the decapole
element would probably be to correct or diminish aberrations, the primordial properties
and primary aberrations of any practical N = 5 system would be most likely to be those of
a round lens system. The secondary aberrations would then be fourth-order, due to the
decapole unit, and just as the (primordial) astigmatism of a stigmator is used to annul the
third-order astigmatism of a round lens system, it might be possible to use these fourth-order
aberrations to combat either the fifth-order aberrations of an axially symmetric system, or
the appropriate mechanical aberrations due to constructional shortcomings of the system.

We shall not discuss this case in any detail; we simply state that the component V®
which leads to these fourth-order aberrations is of the form

ut\ ' /5000 4010 O 0

U2’ 3020 2030 O 0 u,
@ ut 1040 0050 0O 0 u,

ut 0 0 5000 4010 u,

u,u’ 0 0 3020 2030 U,

ut 0 0 1040 0050


http://rsta.royalsocietypublishing.org/

0
%

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Y |

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

GENERAL ELECTRON OPTICAL SYSTEMS. 1 513

so that
aVY[du, -~ 5[5000] ut + 4[4010] w3 u,+ 3[3020] u2u2 +2[2030] 4,3 + [1040] a2
and IV [du, - (4010) ul-+2(3020) @31, -+ 3(2030) u2u2 +4(1040) u, %3 -+ 5(0050) 72
(b) N -= 6. The same general remarks also apply to these systems; the aberrations are
the same as certain of those which afflict systems for which ¥ = 3.

3:6. Systems with an axis of rotational symmetry
The primordial properties and primary aberrations of these systems have been very
thoroughly studied. The former have already been mentioned (2:3) and the primary
aberrations, which are third-order, are most simply derived from the Hermitian form

a2\’ [2200(r) 2101 2002 u;
Ve ={ua,] (2101  1111(r) 1012 Uply |-
w2/ \2002 1012 0022(r)) \ 2

a

The secondary aberrations are fifth order; the function V® can be written

u '\ ' /3300(r) 3201 3102 3003 ul
o - uu, 3201  2211(r) 2112 2013 ulu,
u,ul 3102 2112 1122(r) 1023 u,uz
u 3003 2013 1023  0033(r) ul
3
7 zzg ' /3[3300] 3[3201] 3[3102] 3[3003] u2;
so that S 2[3201] 2[2211] 2[2112] 2[2013] o
0 —2 [3102] [2112] [1122] [1023] .
u(l
s — S u;
ay® u? (3201) (2211) (2112) (2013) 2
and T 2(3102) 2(2112) 2(1122) 2(i023) u"ug
“ u2 ) \3(3003) 3(2013) 3(1023) 3(0033) ;3“
a

In the stigmatic image plane, the contribution to the secondary aberrations which arises
from V® contains the following terms:

distortion: (3200) = — (1/Ak;) (3201).
aperture aberration: (0032) == —3(1/Ah;) (0033), which is real
astigmatism and field curvature: (2210) = — (1/4#4;) (2211), real
(3101) - —2(1/A/z ) (3102).
comas: (1220) == —(1/Ak}) (2112),
(2111) = —2( [4k;) (2112),
(3002) == —3(1/AK)) (3003).
terms in 73: (0230) -~ — (1/Ak;) (2013),
(1121) — —2 (1/Ak;) (1122), real,
(2012) — —3(1/A4k) (2013)
terms in 73: (0131) = —2(1/4k;) (1023),
(1022) = —3(1/4h;) (1023).

63-2
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In an electrostatic system, all the coefficients are real, and the aberrations resemble those
of optical lenses. If, however, the system is magnetic, ‘anisotropic aberrations’ also appear
as we should expect, by which we mean that certain of the aberration coefficients are
complex numbers.

Consider, for example, the terms in the first power of the aperture co-ordinates, (2210)
and (3101), the astigmatisms:

ull = (2210) w2ulu,+ (3101)udu,u, or ullel? =rkr,[(2210)ei®+|3101|e %

in which 6= —(13101+0,) and ©,=0,—(33T01+0,)
which represents a tilted ellipse, with semi-axes ri7,[(2210) +|3101]].
Likewise, the comas produce an overall effect

ul' = Au,u2u+24u2u,u,u,+Budu? or ulleld[rdr: = 24ei0td 1| 4|20+ |B| e~21%

with ¢ =—0,—~%(A+B) and ©,=0,—0,+%(4d—B)
which represents a family of ellipses for different values of 7,, centred on the line
ull = 27372 4 eilo
with semi-axes r372( |4|4-|B]).
The terms in 7 give

11 77 37 A 7 11 i A ai
uy' = 24uudu, +3Au,u2u2  or ullfr,rt = 2|A|e?® 434 el

in which G, = €a+%(g —40,), which represents a family of circles, centred on the line
ull = 37,74 A i, radii 2r, 1| A|.

Finally, the terms in 73 lead to

ug' = 3Aulu,ui+- Auud+ Bu,u,u2u, or ull[r?rd = 3|A|el@+20o=00 1 | 4| ei-4-2001300) | B eila,

The terms in |4| can be written as
, e 19[3 | A| e 10| 4| e3i%]
in which ¢$=—34—0, and O,=0,—0,—14
and if we write v = u e!¢/r213 | 4| = x'+1y’, we have
¥ =4cosl, y =—4sin’0

which represents an astroid.

4. CONCLUDING REMARKS; THE MIXED AND ANGLE CHARACGTERISTIC FUNCTIONS

Throughout the preceding discussion, we have used the point characteristic function
without comment, despite the fact that according to Hamilton’s theory, there are three
other such functions which could have performed the task equally well; furthermore, there
are types of system in which one or other of the characteristic functions cannot be used, and
it therefore seems as though the analysis has not been completely general.

It was shown by Herzberger (1935) that this is not a real difficulty, however, and the
primordial properties of systems for which the point characteristic function cannot be used
can be very simply derived with the aid of his ‘tetrality principle’; this is to be regarded
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as an alternative to the usual Legendre transformation procedure. A similar result is true
for the primary aberrations, except that the tetrality principle has now to be replaced by
a ‘hexality principle’. To see this, we set out from the first-order perturbation relation
(Sturrock 19535, p. 35),

OV! = (n}.dr,—rj.on,) —(n}.or,—rg.dn,) (4-1)

B
in which V! denotesf m® ds along the unperturbed ray.
4

If V' is to denote the point characteristic function, r} = r} = 0, so that
oV! =n].or,—n,.dr,.
From (4-1), we can deduce that
onpir, _éryan, inior, rlin, _inor, orkin, onkir, il on,
o du v du du v Jdu W v du v du du v du v’

which is unaffected by any of the following five interchanges:

(4-2)

(4) ny—r;, r,—>—n,
n,—>r, r,—>—n};
(B) mng—>r; r,~>—n,
n,—~>r, r,—>-—n.;
(C) (4) and (B) simultaneously;
(D) n1b_>rclv n,——r,
r,~>n, ri—>-—-n};

(E) mng—>r, n,—>-r,

1 I
r,—~n, Tr,—>—nl

Of these, (4) and (B) produce the mixed, and (C) the angle perturbation characteristic
functions. (D) and (£) produce two new perturbation characteristic functions, which are
only of use when one or other of the points denoted by the suffixes ¢ and b does not lie in
field-free space; they might therefore be christened the ‘immersion perturbation charac-
teristic functions’.

With the aid of the preceding analysis, therefore, it should be possible to decide from
the outset exactly what kind of imagery any given system can be expected to provide, what
will be the defects of the system, and what kind of optical element would be capable of
overcoming these defects. In each case, it may well be convenient to divide the aberrations
into finer divisions than I have thought necessary in this general survey. For example, it
is usual to divide the terms in 727, into coma and anticoma, the latter being associated with
u; and the former with #2 (terms in u,%, will be associated with whichever is appropriate.)

It is a pleasure to thank Dr V. E. Cosslett and Dr J. C. E. Jennings for their meticulous
criticism of the work upon which this memoir is based.
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